We study solutions to the Brauer embedding problem with restricted ramification. Suppose G and A are a abelian groups, E is a central extension of G by A, and f : Gal(Q/Q) → G a continuous homomorphism. We determine conditions on the discriminant of f that are equivalent to the existence of an unramified lift f , i.e. a continuous homomorphism making the following diagram commute:
Introduction
The question of existence of unramified abelian extensions of number fields is controlled by class field theory, with the result that the maximal unramified abelian extension of a number field K has Galois group isomorphic to Cl(K), the class group of K. Class groups are computable in individual instances and Cohen-Lenstra heuristics [4] with related modifications [7] give conjectural evidence for the distribution of isomorphism classes of class groups over certain families of number fields. Yet overall there are still many open questions with regards to how often number fields have a particular class group or the relationships between class groups in families of number fields.
The most basic results for computing part of the class group in families of number fields come from genus theory. If k is a quadratic field of discriminant d, then the 2-rank rk2Cl(k) = ω(d) − 1, where ω(d) = the number of prime divisors of d. This gives precisely the number of unramified quadratic extensions of a given quadratic number field. Similarly, unramified extensions of abelian number fields L/k can be found using Kronecker-Weber whenever we require L/Q to be abelian.
One of the earliest results that go beyond Kronecker-Weber is due to Fueter [6] , Rédei and Reichardt [21] [22] [23] . Their works prove the following classification: There are other results of a similar flavor to this one classifying unramified extensions of families of number fields. For instance, there are results for the ℓ-and ℓ 2 -torsion of the class group over cyclic degree ℓ fields [8] [9] [14] [15] [20] and some results for nonabelian p-extensions of quadratic fields or cyclic fields of prime degree q = p due to Nomura [16] [17] [18] [19] . Closest to the direction of this paper are results due to Lemmermeyer classifying unramified G-extensions of quadratic fields for G one of several small nonabelian 2-groups [11] [12] , for example:
Theorem 1.2. Let k be a quadratic number field of discriminant d and H8 the quaternion group of order 8. Then there exists an unramified H8-extension K/k normal over Q if and only if there exists a factorization d = d1d2d3 into three coprime discriminants, at most one of which is negative, such that
for all primes pj | dj. Moreover, there exist 2 ω(d)−3 unramified H8-extensions K/k normal over Q satisfying Q( √ d1, √ d2, √ d3) ⊂ K for each such nontrivial factorization.
All of these results follow the same theme: existence of an unramified extension corresponds to a vanishing condition on Dirichlet characters. As a consequence these results have been used to study the arithmetic statistics of unramified extensions in [1] , [2] , [5] , and [10] .
The purpose of this paper will be to generalize these results using class field theory and the theory of embedding problems. This approach follows the same basic idea as Nomura [16] [17] [18] [19] , by using local conditions to say something about the solution to an embedding problem.
Suppose we have abelian groups G and A, and E a central extension of G by A whose 2-coclass in H 2 (G, A) is represented by [E] . The Brauer embedding problem for a continuous homomorphism f : G Q := Gal(Q/Q) → G and an extension E of G is the question of whether or not there exits a continuous homomorphism f : G Q → E such that the following diagram commutes:
We know that the a solution to the Brauer embedding problem for central extensions exists if and only if the solutions to the corresponding local embedding problems exist [24] . Our main theorem will give explicit conditions for when we can find an unramified (at finite places) solution ot the Brauer embedding problem, namely solutions where ker f ∩ Ip ≤ ker f with Ip ≤ G Q the inertia group at p defined up to conjugation. This will provide the necessary framework to classify certain unramified metabelian extensions of abelian number fields in a way directly generalizing the classification due to Lemmermeyer [11] [12] .
Before stating the main result, we introduce the following notation: for a prime p > 2 fix a representative τp for the generator of inertia Ip ≤ G ab Q (for p = 2 we choose generators τ2,0 and τ2,1 such that [τ2,0, τ2,1] = 1 and (τ2,0τ2,1) 2 = 1). We also have a bilinear map [, ]E : G × G → A given by the comutator of the lift to E × E and use exp(A) to denote the exponent of the group A, i.e. the smallest n ∈ Z>0 such that nA = 0. Let Res
denote the restriction map on cohomology. Then the main result is as follows: 
is a Dirichlet character, which we will describe in greater detail in the body of the paper. The paper proceeds as follows: In section 2 we begin with a review of the Brauer embedding problem with restricted ramification, which will then be converted into group theoretic conditions. In section 3, we present the proof of the main theorem. Section 4 describes how our result can be used to classify unramified metabelian extensions L/K of abelian number fields whose Galois group over Q has its commutator subgroup contained in its center, generalizing the results of Fuerter, Rédei, Reichardt, and Lemmermeyer. In section 5, we walk through an example classifying all unramified H(ℓ 3 )-extensions of cyclic degree ℓ fields tamely ramified at exactly three primes, where ℓ is an odd prime and H(ℓ 3 ) is the nonabelian group of order ℓ 3 and exponent ℓ (called the Heisenberg group).
The Unramified Brauer Embedding Problem
Let G Q = Gal(Q/Q) denote the absolute Galois group of Q with Dp and Ip the corresponding decomposition and inertia groups at the prime p (defined as subgroups of G Q up to conjugacy for p finite or infinite). Given an extension E of a group G by an abelian group A, suppose we have a commutative diagram as follows:
Then the Brauer embedding problem asks when f lifts to a continuous homomorphism f : G Q → E that makes the diagram commute. This problem is "solved" in a certain sense in the case of A abelian and E a central extension, in that a solution exists if and only if a solution exists to the corresponding local embedding problems:
We call such a lift f unramified over Proof. For the forward direction, we have that
Additionally, we have Lp/Kp is unramified, with f (Dp) = Gal(Lp/Q) and f (Dp) = Gal(Kp/Q) abelian. Any unramified extension of an abelian local field is also abelian by a standard result, so f (Dp) is abelian. Then Res 
abelian implies that inertia factors through procyclic Z × p with finite image for both f and f . Therefore we must have f (Ip) ∼ = Cn p × f (Ip) with (np, |f (Ip)|) = 1. Let ρp : Ip → A be f |I p composed with projection onto the first coordinate Cn p and embedded into A. Define the map
Then we have a map
Then we have a map f × ρ : G Q → E × A which composed with π gives g, and composed with projection onto the first coordinate gives f . We have a subgroup A × A E × A and 
and
which implies that if ker f ∩ Ip ≤ ker π∆( f × ρ) so that it is unramified at all finite places.
We can also ask that f be unramified at the infinite place. This is trivially true if f is ramified at ∞ or if 2 ∤ |A|. Moreover, if 2 | f (Ip) for some finite prime p ≡ 3 mod 4, then we can take g : G Q → Gal(Q( √ −p)/Q) and combine it with f ramified at infinity in the same way as in the proof of this theorem to get a new lift unramified at infinity. As for when 2 | |f (Ip)| only for primes p ≡ 1 mod 4, the question becomes more difficult. Lemmermeyer addressed this when he studied unramified H8-extensions of quadratic fields [11] , but when studying the expected number of such extensions Alberts and Klys avoid using this result by showing that it only contributes to the error term [2] . Although we do not address ramification at ∞ in this paper, we expect the methods used by Lemmermeyer to extend to the results in our paper without too much difficulty. Define Frobp to be the lift of the Frobenius automorphism in Gal(F p /Fp) to G Q , defined up to conjugacy and modulo Ip. The we have the following corollary:
Proof. E is a central extension of G, so the commutator factors through
g E respects conjugation, so WLOG we can fix a representative of Dp and Ip up to conjugation. Suppose x, y ∈ Dp are both representatives of Frobenius
) is abelian if and only if a representative of Frobenius commutes with inertia (i.e. f (Dp) abelian), and so the result follows from the previous theorem.
Lemmermeyer Factorization
In this section we will translate the conditions in Corollary 1.1 to conditions on discriminants in the specific case that G is abelian. Fix an extension [E] ∈ H 2 (G, A) and the quotient map π : E → G. Then [, ]E : G × G → A is a well-defined bilinear map for all elements, not just the image of Frobenius and inertia. For the remainder of this section, let unramified refer only to finite places.
The previous section tells us that a continuous homomorphism f : G Q → G has an unramified lift f : G Q → E if and only if Res For convenience, for p odd we will use τp for the generator of I ab p , and WLOG consider f : G ab Q → G. (For the prime 2, we have two generators τ2,0 and τ2,1 of order 2 ∞ , whose product τ2,0τ2,1 has order 2. Here, I∞ → τ2,0τ2,1 is the ramification at infinity under the quotient map G ab Q → τ2,0, τ2,1 ). We also use disc(f ) to denote the discriminant of K = Q ker f . 
for odd primes, and
This lemma is a consequence of Kronecker-Weber. The proof is somewhat long and cumbersome, so we will first demonstrate the content of this theorem with an example from genus theory both to motivate the result and convince any reader not interested in trudging through the proof.
We can produce a factorization from this map as follows: let dy = p:f (τp)=y p * where
because the exponent of every prime dividing d must be |im f | divided by the ramification degree, which is 2. The field Q( √ a, √ b) for a, b ∈ Z odd and squarefree corresponds to the factorization d = (ab) 2 = a 2 ·b 2 = dv 1 ·dv 2 for v1, v2 a basis of C For this lemma, we are restricting the possible images of f (τp) to a specific subset of elements YE ⊂ G and giving a correspondence between these maps and certain factorizations of the discriminant. This subset is specifically chosen so that we always have Res 
Raising both sides to the power
yields the result up to a sign. The conditions on dy and y follow immediately from f (τ2,0τ2,1) having order dividing 2, and |f (τp)| | (p − 1)p ∞ . Given such a factorization, define f (τp) = y ∈ YE where p | dy. For the finite primes, this gives a well-defined map f :
The other conditions on the factorization imply that this map is well-defined on I2. f (τp) ∈ YE implies Res G f (Ip) ([E]) = 0 at all finite places. We have now proven the theorem up to a sign, except for part 3 and the infinite place. We will first show that part 3 is equivalent to Res Given such a factorization, the signs are not an obstruction to constructing a map as G ab Q = Ip a product over finite primes and we can get a map just coming from the finite primes present in the factorization. Res y |y|/2 ∈ YE since dy < 0 for dy odd if and only if an odd number of primes p ≡ 3 mod 4 divide it with odd exponent and y has even order. For d even, we must additionally multiply by f (τ2,0τ2,1), a product of the at most two y ∈ YE such that dy is even. Thus dy < 0 for dy even if and only if f (τ2,0τ2,1) = yy ′ = 1 and 2 | #{p | dy : p ≡ 3 mod 4} or f (τ2,0, τ2,1) = 1 and 2 ∤ #{p | dy : p ≡ 3 mod 4}. This is the same thing as yy ′ (y) |y|/2 being the contribution to the infinite inertia. So 2|dy <0 y dy <0 y |y|/2 ∈ YE is equivalent to Res The field y∈Y E Ky with Galois group y∈Y E y over Q is going to be very important. Call this field L with Galois group H over Q. The following lemma follows immediately from properties of the quotient map H → G sending y → y for each y ∈ YE: 
Thus it suffices to check the commutator condition [f (Frobp), f (Ip)]E = 0 in y∈Y E Ky. Proof. We have that the Frobenius element Frobp ∈ G ab Q = Iq is (p)q the equivalence class of p in each coordinate. Therefore, under g we get that
The equivalence class of p, denoted above by (p) acts on y by multiplication as an element of Z/|y|Z, namely We can now prove the main theorem for generalized Lemmermeyer factorizations as an immediate consequence of the work in this section, which we restate here for convenience: 
Proof. Part 1 is equivalent to Res

Certain Unramified Metabelian Extensions
Lemmermeyer used factorizations of the kind found in this paper to classify unramified quaternion H8-extensions of quadratic number fields [11] . In this section, we will detail how to use the results of the previous section to classify certain unramified metabelian extensions of abelian number fields in similar situations. When discussing unramified G-extensions of number fields L/K, it is useful to consider Gal(L/Q) as was done in [1] [3] [25] . 
where 
This will be sufficient to prove the following two corollaries:
if and only if their exists a factorization disc(K)
coprime discriminants (except that at most two are allowed to be even) satisfying the following:
(c) If dy, d y ′ are even with y = y ′ then yy ′ has order dividing 2. If dy is a unique even factor and 4 || dy, then y has order dividing 2. 
For every prime
such extensions, where
The idea is that these corollaries generalize 1.1 and 1.2. The first one generalizes the factorization d = d1d2d3 and Dirichlet conditions
1.2 and the second one generalizes the number 2 ω(d)−3 of such extension corresponding to a factorization in 1.2. The conditions in these results are significantly denser in order to account for more cases. The reader may be interested in reading Section 5 before the proofs of these corollaries, where we present a worked out example of the result of this section for the Heisenberg group H(ℓ 3 ), the unique nonabelian group of cardinality ℓ 3 and exponent ℓ.
Proof of 4.2. Fix a choice of [G
. We will prove the theorem for this choice, and then at the end of the proof show that the result for one choice implies the result for every such choice.
Because (G, G ′ ) is central and admissible, we know that
gives us the set-up of the previous sections. Lemma 3.1 shows that 1(a)(b)(c)(d)(e) is equivalent to the existence of a map f :
ab which is a lift of the quotient map G Q → G ′ /G defining K/Q. 1(f) is equivalent to this map being surjective, and so is equivalent to the existence of a (G ′ ) ab -extension M/Q such that M/K is unramfied. In Theorem 1.3, we get that there exists an unramified lift of f to f : G Q → G ′ if and only if part 2 holds. Furthermore, dy = 1 implies that no ramification is sent to y, so it follows that f is unramified over the quotioent map G Q → Gal(K/Q) if and only if dy = 1 for all y ∈ YE ∩ G, i.e. condition 1(g), holds.
It then suffices to check whether or not f is surjective, by Galois theory. We have f is surjective by construction, so suppose that f is not surjective. Then 
Heisenberg Groups
Fix an odd prime ℓ and consider the Heisenberg group
This is the unique nonabelian group of order ℓ 3 and exponent ℓ. We define
In particular, z = [E, E] ≤ Z(E) giving us a central exact sequence
This makes (H(ℓ 3 ), E) a central admissible pair. Moreover, because every element of E has order ℓ, it follows that YE = E ab = C 
Proof. Fix π : E ab → C ℓ the quotient map given above. Without loss of generality, we choose generators τp, τq, τr
We will walk through the conditions of the corollary for this case, describing what they each correspond to. Suppose we have a factorization WLOG by symmetry we may assume that A = 0 by A + B + C = 0, therefore we may find such a choice for yr. This shows that any such choice of A, B, C can be realized by yp, yq, yr, so the equations on Dirichlet characters in this theorem are equivalent to condition 2 of Corollary 4.2 for some choice of yp, yq, yr satisfying condition 1.
As for the number of such extensions corresponding to a factorization, notice that plugging [E, E] = C ℓ , |y| = ℓ, and E ab = C 
